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Theorem 1.1 {#FPar1}
-----------
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We next recall a generalisation of the Perron--Frobenius Theorem to Banach spaces of functions. Let $\documentclass[12pt]{minimal}
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Definition 1.2 {#FPar2}
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The following result of Ruelle is a cornerstone of the classical theory of thermodynamic formalism (cf.\[[@CR10]\]).

Theorem 1.3 {#FPar3}
-----------
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It is also known that, aside from the maximal eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$, the rest of the spectrum of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal L_\phi : \mathcal F_\theta \rightarrow \mathcal F_\theta $$\end{document}$ is contained in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{z \in \mathbb C \hbox { : } |z| < \lambda _\phi \}$$\end{document}$. In particular, part 3 of Theorem [1.3](#FPar3){ref-type="sec"} then follows from part 1 by standard perturbation theory.
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Recently, several authors introduced a particular non-linear version of Theorem [1.1](#FPar1){ref-type="sec"} for matrices which is useful in the study of the dimension of certain sets in the theory of non standard ergodic averages (see section [2](#Sec2){ref-type="sec"}).

Theorem 1.4 {#FPar4}
-----------

(Kenyon--Peres--Solomyak, Fan--Schmeling--Wu) Let *B* be a non-negative irreducible $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \times k$$\end{document}$ matrix. There exists a unique positive vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{v}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B\underline{v} = \underline{v}^2$$\end{document}$, where the entries of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{v}^2$$\end{document}$ are the square of those of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{v}$$\end{document}$, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${(\underline{v})_i}^2 = v_i$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1, \cdots , k$$\end{document}$.

In the special case that *A* has entries which are natural numbers, this appears as Lemma 1.2 in \[[@CR6]\]. A version of this for more general positive matrices appears as 4.1 in \[[@CR2]\] (cf. also \[[@CR3]\]) under very modest assumptions on the matrix. Other types of non-linear Perron--Frobenius Theorem appear in \[[@CR7]\] and \[[@CR8]\].

The following is our main result, which can be viewed either as a non-linear version of Theorem [1.3](#FPar3){ref-type="sec"}, or a generalisation of the Theorem [1.4](#FPar4){ref-type="sec"} (at least for aperiodic matrices) from matrices to functions.
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The result easily generalises to $\documentclass[12pt]{minimal}
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In the particular case that the function $\documentclass[12pt]{minimal}
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I am grateful to the referees and the editors for their patience and help with this short note.

Background to Theorem [1.4](#FPar4){ref-type="sec"} {#Sec2}
===================================================

Although our main result (Theorem [1.5](#FPar5){ref-type="sec"}) is of independent interest, for the reader's benefit we will now give a brief description of the original application of its precursor (Theorem [1.4](#FPar4){ref-type="sec"}) which provided the motivation for its introduction.

Following \[[@CR6]\] and \[[@CR2], [@CR3]\] given a probability measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Sigma $$\end{document}$ we can define a so-called multiplicative measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Sigma = \{1, \ldots , k\}^{\mathbb Z^+}$$\end{document}$, say, by writing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Sigma = \prod _{j \hbox { odd}}\Sigma _j $$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Sigma _j = \{1, \cdots , k\}^{\Lambda _{j}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda _{j}$$\end{document}$ = $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{j 2^n \hbox { : } n \ge 0\}$$\end{document}$, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ j = 1,3, 5, \cdots $$\end{document}$, which form a natural partition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb N$$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {N}} = \cup _{j \hbox { odd}}\Lambda _{j}$$\end{document}$. We can then define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu = \prod _{j} \mu $$\end{document}$, in a natural sense. In \[[@CR6]\] and \[[@CR3]\] the authors consider the measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ to be a (generalised) Markov measure defined in terms of the entries in the vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{v}$$\end{document}$ in Theorem [1.4](#FPar4){ref-type="sec"}. The measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$ will typically not be $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$-invariant but is still useful in studying the Hausdorff dimension of certain sets.
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The pointwise dimension is particularly useful in estimating the Hausdorff Dimension of sets (especially lower bounds via the usual mass distribution principle cf. \[[@CR1]\], §4.2) associated to multiple ergodic theorems, as the following example illustrates.

Example 2.1 {#FPar8}
-----------

(Golden Mean Example \[[@CR4], [@CR6]\]) Fan--Liao--Ma and Kenyon--Peres--Solomyak considered the golden mean example:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X = \left\{ (x_n) \in \{0,1\}^{\mathbb N} \hbox { : } x_n x_{2n} = 0, \forall n \ge 1\right\} , \end{aligned}$$\end{document}$$with the usual metric$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d_\theta (x,x^{\prime }) = {\left\{ \begin{array}{ll}\theta ^{N(x,x^{\prime })} &{} \hbox { if } x \ne x^{\prime } \\ 0 &{} \hbox { if } x = x^{\prime }. \end{array}\right. } \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N(x,x^{\prime }) = \sup \{n \ge 0 \hbox { : } x_i = x^{\prime }_i \hbox { for } 0 \le i \le n\}$$\end{document}$ (and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N(x,x^{\prime })=0$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0 \ne x^{\prime }_0$$\end{document}$).
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Proof of Theorem [1.5](#FPar5){ref-type="sec"} {#Sec3}
==============================================

The proof of the existence of the fixed point is the more interesting part of the problem. The uniqueness and analyticity are then relatively easy to establish.

Existence of the Fixed Point {#Sec4}
----------------------------
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We can now introduce a family of non-linear operators defined as follows:

### Definition 3.1 {#FPar9}
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### Lemma 3.2 {#FPar10}
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### Proof {#FPar11}
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We can use the above lemma to deduce the following.
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Uniqueness of the Positive Fixed Point {#Sec5}
--------------------------------------
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### Remark 3.6 {#FPar17}

This simple argument doesn't rule out the possibility of another non-positive fixed point.

Analyticity {#Sec6}
-----------

To show the analytic dependence of the solution we want to use the implicit function theorem applied to the function $\documentclass[12pt]{minimal}
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We recall the following result \[[@CR9]\] which is also due to Ruelle.

### Lemma 3.7 {#FPar18}
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### Remark 3.8 {#FPar19}

(The Tangent Operator) Closely related to this circle of ideas is the use of a standard technique in understanding the iterates of a non-linear operator in a neighbourhood of a fixed point. More precisely, we consider the first order approximation to $\documentclass[12pt]{minimal}
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Measures {#Sec7}
========
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